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Abstract
Spontaneous breakdown of the continuous symmetry is studied in the frame-
work of discretized light-front quantization. We consider linear sigma model
in 3+1 dimension and show that the careful treatment of zero modes together
with the regularization of the theory by introducing NG boson mass leads to
the correct description of Nambu-Goldstone phase on the light-front.
Recently the light-front (LF) quantization with a Tamm-Dancoff truncation has
attracted much attention as a promising method for solving QCD and other strong
coupling theories and indeed it describes the bound state spectra successfully in vari-
ous field theoretical models in (1+1) dimensions [1]. However, there remain difficulties
in applying the present-stage formulation directly to (3+1) dimensional gauge theories
which are working tools of modern particle physics. One of them is to understand
the phenomenon of spontaneous symmetry breaking (SSB) on the LF and it may
provide a cornerstone for the nonperturbative LF QCD. For the discrete symmetry,
several authors discussed the possibility of SSB in (1+1) dimensional scalar models
and argue that the solution of the zero-mode constraints[2] may realize the broken
vacuum [3].
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In this report we address ourselves to the problem of SSB of the continuous symme-
try on LF in the linear sigma model. Based on the discretized light front quantization
(DLFQ) [2, 4], we clarify how the Nambu-Goldstone (NG) phase is realized through
the careful treatment of zero-mode constraints [2] together with an infrared regular-
ization by explicit symmetry-breaking mass of NG boson mpi[5]. The NG-boson zero
mode, when integrated over the transverse space, must behave as singular ∼ 1/m2pi
in the symmetric limit m2pi → 0. This result is actually valid model-independently,
though we demonstrate it in a specific model field theory with explicit use of the
zero-mode constraints.
In what follows we shall first show that naive use of the zero mode constraints
leads to the inconsistent result that the LF formalism allows neither the coupling of
NG boson nor the current vertex associated with NG boson. Let us consider the O(2)
linear sigma model which is defined by the Lagrangian
L = ∂+σ∂−σ + ∂+π∂−π −
1
2
(∂⊥σ)
2 −
1
2
(∂⊥π)
2 −
1
2
µ2(σ2 + π2)−
λ
4
(σ2 + π2)2, (1)
where x+ = 1√
2
(x0 + x3) plays the role of LF time, x− = 1√
2
(x0 − x3) is the LF
spatial coordinate (−L ≤ x− ≤ L) and x⊥ denotes transverse coordinate (x1, x2).
Here we assume the periodic boundary condition to the fields. The Lagrangian in
Eq.(1) is invariant under O(2) transformation, and then there is a conserved current
Jµ = ∂µσπ − ∂µπσ.
In the framework of the canonical DLFQ, it is convenient to decompose the field
degrees π (or σ) into the oscillating modes (P+ 6= 0), ϕpi (or ϕσ), described by the
following commutation relations which are the same as those of free fields [2]:
[ϕi(x), ϕj(y)] = −
i
4
{
ǫ(x− − y−)−
x− − y−
L
}
δijδ
(2)(x⊥ − y⊥), (2)
where i, j denote π or σ, and the zero modes (P+ = 0), π0 (or σ0), depicted by the
solutions of zero-mode constraints [2]:
χpi ≡
1
2L
∫ L
−L
dx−
[
(µ2 − ∂2⊥)π + λπ(π
2 + σ2)
]
≈ 0 (3)
χσ ≡
1
2L
∫ L
−L
dx−
[
(µ2 − ∂2⊥)σ + λσ(π
2 + σ2)
]
≈ 0, (4)
which are the consequences of DLFQ with periodic boundary condition
−
1
2L
∫ L
−L
dx−2∂+∂−π = −
1
2L
∫ L
−L
dx−2∂+∂−σ = 0. (5)
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To solve explicitly the zero-mode constraints Eq.(3) and Eq.(4) (or the modified
ones after introducing explicit symmetry breaking term to be discussed later), we
divide them into two parts: The classical constant pieces whose solution is the classical
vacuum solution chosen as vpi = 0 and vσ ≡ v =
√
−µ
2
λ
, and the operator part
expanded as a perturbative series in λ:
ωi =
∑
k=1
λkω
(k)
i , (6)
where ωpi ≡ π0 − vpi, ωσ ≡ σ − vσ. Each ω
(k)
i is determined recursively by insert-
ing Eq.(6) into the zero-mode constraints in Eq.(3) and Eq.(4). A straightforward
calculation leads to the first-order perturbation:
∂2⊥ω
(1)
pi =
1
2L
∫ L
−L
dx−
(
ϕ3pi + ϕpiϕ
2
σ + 2vϕpiϕσ
)
, (7)
(−m2σ + ∂
2
⊥)ω
(1)
σ =
1
2L
∫ L
−L
dx−
(
ϕ3σ + ϕ
2
piϕσ + 3vϕ
2
σ + ϕ
2
pi
)
, (8)
where m2σ = 2λv
2. Note that we assume the Weyl ordering between the zero modes
and the non-zero modes throughout this report but omit it in the expressions of
formulas for simplicity. Actually, as far as the tree level operator solution (7) and (8)
is concerned, it is determined independently of the ordering. The Hilbert space of
our system is constructed without zero mode and the vacuum |0〉 is trivial, since the
LF momentum P+ is positive definite without referring to the dynamics.
The zero-mode part of the LF charge including the NG-boson pole term is removed
by integration on the LF and the periodic boundary condition of the fields, so that
the LF charge is expressed only by the non-zero modes:
Q = lim
L→∞
∫ L
−L
dx−d2x⊥(∂−ϕσϕpi − ∂−ϕpiϕσ). (9)
The LF charge in Eq.(9) always annihilates the vacuum |0〉 due to the conserva-
tion of the LF momentum P+ and thereby it seems to be a well-defined quantity
independently of the detailed information of the phase of the system. This is also
consistent with the explicit computation of the commutators: 〈[Q,ϕσ]〉 = −i〈ϕpi〉 = 0
and 〈[Q,ϕpi]〉 = i〈ϕσ〉 = 0,
† which are contrasted to those in the usual equal-
time case where the spontaneously broken charge does not annihilate the vacuum:
〈[Qet, σ]〉 = −i〈π〉 = 0, 〈[Qet, π]〉 = i〈σ〉 6= 0.
† By explicit calculation with a careful treatment of the zero modes contribution, we can also
show that 〈[Q, σ]〉 = 〈[Q, pi]〉 = 0.
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Using Eqs.(7), (8) and neglecting the trivial divergence from the operator ordering,
we can check the conservation of the LF charge to the leading order:
[Q,P−] = i
∫
dx−d2x⊥(vχpi + ωσχpi − ωpiχσ) = 0. (10)
The vacuum annihilation and the conservation of the LF charge do not hold simul-
taneously in the NG phase in the conventional equal-time quantization, so that one
may easily expect some inconsistency in the NG phase.
To clarify the underlying inconsistency, let us compute explicitly the σ → ππ
vertex at the tree level. Based on the LSZ reduction formula, we have
〈ππ(q)|σ〉 ≡ i
∫
d4xeiqx〈π|✷π(x)|σ〉
= i(2π)4δ(p−σ − p
−
pi − q
−)δ(p+σ − p
+
pi − q
+)δ(p⊥σ − p
⊥
pi − q
⊥)〈π|jpi(0)|σ〉, (11)
where qµ = p
σ
µ−p
pi
µ is the momentum of NG boson and jpi(x) = ✷π(x) = (2∂+∂−−∂
2
⊥)π
is the source function of the NG boson which is given in our model as jpi = −λ(π
3 +
πσ
′2 + 2vπσ
′
), with σ′ = σ − v. Taking the collinear momentum frame, q+ = q⊥ = 0
and q− 6= 0 for the emission vertex of the exactly massless NG boson with q2 = 0, we
find that the NG boson emission vertex does vanish as follows:
(2π)3δ(p+σ − p
+
pi )δ
(2)(p⊥σ − p
⊥
pi )〈π|jpi(x
+, 0)|σ〉
= lim
L→∞
∫ L
−L
dx−d2x⊥〈π|(2∂+∂− − ∂
2
⊥)π|σ〉 (12)
=
∫
d2x⊥ lim
L→∞
〈π|
(∫ L
−L
dx−2∂+∂−π
)
|σ〉 = 0.
On the other hand, by use of the explicit interaction term jpi = −λ(π
3+πσ
′2+2vπσ
′
),
the NG boson vertex can also be calculated at the tree level as
lim
L→∞
∫ L
−L
dx−d2x⊥〈π|jpi(x)|σ〉 = −2λv(2π)
3δ(q+)δ(q⊥), (13)
which is in agreement with the result in equal-time formalism. If two calculations
(12) and (13) were to be compatible, v = 0 would be concluded for the interacting
theory (λ 6= 0), and thus the NG boson is completely decoupled on the LF.
According to the Goldberger-Treiman relation in the context of conventional
canonical quantization, the NG boson emission vertex is related to the current vertex
and then we should check whether the above symptom is conveyed to the current
vertex or not. Suppose that the NG phase is realized, then the current contains
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the NG-boson term: Jµ = −v∂µπ + Ĵµ, where the non-pole term is given by Ĵµ =
π∂µσ
′ − ∂µπσ′. of the NG boson. Here we can easily notice that the non-pole charge
Q̂ = limL→∞
∫ L
−L dx
−d2x⊥Ĵ+ is equal to Q, Q̂ = Q, that is, dQ̂/dx+ = [Q̂, P−] = 0,
which implies that the current vertex 〈π|Jˆ+(0)|σ〉 also vanishes:
0 = lim
L→∞
〈π|
∫ L
−L
dx−d2x⊥∂µĴ
µ(x)|σ〉x+=0
= −i(2π)3δ(q+)δ(2)(q⊥)
m2σ −m
2
pi
2p+σ
〈π|Ĵ+(0)|σ〉, (14)
as far as m2σ 6= m
2
pi. Now we arrive at a“no-go theorem” that the NG boson cannot
exist on the LF. Thus it is too naive to expect[3] that the NG phase can be realized
by simply solving the zero-mode constraints.
As is easily seen from its derivation, this “no-go theorem” indeedreflects a genuine
nature of LF coordinate (first-order form of ✷ = 2∂+∂− − ∂2⊥ in ∂−) and the periodic
boundary condition, and hence holds model-independently. In fact, we can derive (12)
and (14), based on the LSZ reduction formula and the current expression containing
the NG boson pole term: Jµ = −fpi∂µπ+ Ĵµ, where π is the interpolating field of the
NG boson and fpi the decay constant (= v in the linear sigma model).
How can the NG boson live on the LF? Here we propose a regularization by
introducing the explicit symmetry breaking through the NG boson mass m2pi and
recovering it in the massless limit m2pi → 0 [5]. To be specific we add an explicit
symmetry breaking term Lreg = cσ to the Lagrangian in Eq.(1)and then the NG
boson has mass m2pi = µ
2 + λv2 and the σ-meson mass shifts to m2σ = µ
2 + 3λv2,
where the vacuum expectation value v is determined by µ2v + λv3 = c. Since the
symmetry is explicitly broken, the current is not conserved and the current vertex
is changed, i.e., ∂µJ
µ(x) = vm2piπ(x) and ∂µĴ
µ(x) = v(✷ +m2pi)π(x) = vjpi(x), but,
at classical level, the symmetry is restored in the limit of massless NG boson. The
zero-mode constraints are modified accordingly and a series of solutions are evaluated
in the perturbation on the coupling constant λ. The first order solution for the σ part
is formally the same as Eq.(8) while the NG boson part has a mass term as
(−m2pi + ∂
2
⊥)ω
(1)
pi =
1
2L
∫ L
−L
dx−(ϕ3pi + ϕpiϕ
2
σ + 2vϕpiϕσ). (15)
In spite of the addition of tiny NG boson mass term to the Lagrangian, the
behavior of NG boson zero mode shows a drastic change. Since the R.H.S. of Eq.(15)
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is finite in the limit of zero NG boson mass, the NG boson zero mode integrated over
x⊥ space does become singular:
∫
d2x⊥ω(1)pi ∼
1
m2pi
(m2pi → 0). (16)
Using this zero mode in Eq.(15), we achieve the recovery of both the non-zero NG
boson vertex and the current vertex:
lim
L→∞
〈π|
∫ L
−L
dx−d2x⊥∂µĴ
µ(x)|σ〉 = lim
L→∞
∫ L
−L
dx−d2x⊥〈π|vjpi(x)|σ〉
= vm2pi〈π| lim
L→∞
∫
dx−d2x⊥π(x)|σ〉
= −2λv2(2π)3δ(q+)δ(2)(q⊥), (17)
even when we take the limit of zero NG boson mass.
Though the vacuum annihilation property of the LF charge is not affected by
the regularization, the non-zero current vertex implies that the LF charge is now
non-conserving:
[Q,P−] = ivm2pi lim
L→∞
∫ L
−L
dx−d2x⊥π
m2
pi
→0
6= 0. (18)
This also can be checked by direct computation of the commutator of Q with P−.
A way to confirm the validity of the introduction of regularization on the LF is
to envisage the momentum space expression of the relation ∂µJµ = vm
2
piπ(operator
relation of PCAC):
m2pivjpi(q)
m2pi − q
2
(= ∂µJµ(q)) =
q2vjpi(q)
m2pi − q
2
+ ∂µĴµ(q). (19)
Above all it is necessary to summarize what we have done when we reached the false
“no go theorem”. The L.H.S. of Eq.(19) was set to be zero, because we took an account
of a situation of massless NG boson where the current is conserved, while the first
term in the R.H.S. of Eq.(19) is also dropped due to the periodic boundary condition
or the zero-mode constraint on the LF. It is obvious that the above procedure is
equivalent to bringing up a nonsense limm2
pi
, q2→0(
m2
pi
−q2
m2
pi
−q2 ) = 0 as far as vjpi(q) 6= 0 (NG
phase). In the conventional equal-time quantization the same correct results can be
obtained independently of the order of the limits q2 → 0 and m2pi → 0, while in the LF
with q+ = q⊥ = 0 we always take q2 ≡ 0 first and then m2pi = 0 must be regarded as a
limit m2pi → 0[7]. Therefore the L.H.S. of Eq.(19) does not vanish and hence the LF
6
charge is not conserved in the NG phase. Since Eq.(19) holds model-independently
(PCAC), the above arguments are also valid in the general framework.
Our treatment of the zero mode in the canonical DLFQ is quite different from
that proposed recently by Wilson et al.[6] who eliminate the zero mode in the contin-
uum theory without specifying the boundary condition at x− = ±∞. Although our
conclusion on the trivial vacuum and the non-conservation of the LF chargeappears
to be consistent with that in Ref.[6], the relationship between these two approaches
are not clear at the moment.
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